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CNR, Pisa, Italy; and 6Department of Life Sciences and 7Department of Neurosciences, University of Parma, Parma, ItalyABSTRACT Trapping quaternary structures of hemoglobin in single crystals or by encapsulation in silica gels has provided a
demanding set of data to test statistical mechanical models of allostery. In this work, we compare the results of those experi-
ments with predictions of the four major allosteric models for hemoglobin: the quaternary two-state model of Monod, Wyman,
and Changeux; the tertiary two-state model of Henry et al., which is the simplest extension of the Monod-Wyman-Changeux
model to include pre-equilibria of tertiary as well as quaternary conformations; the structure-based model of Szabo and Karplus;
and the modification of the latter model by Lee and Karplus. We show that only the tertiary two-state model can provide a near
quantitative explanation of the single-crystal and gel experimental results.INTRODUCTIONOver the past decade, there has been a resurgence of inter-
est in allostery with the recognition that allosteric interac-
tions play an important role in the function of many
proteins. The concept of allostery motivated the develop-
ment of one of the most influential theoretical models in
biophysical science by Monod, Wyman, and Changeux
(MWC) (1,2). The most important idea of this model is
that binding of ligands, so-called allosteric effectors, to
sites distant from the functional site, such as the active
site of an enzyme, alters a conformational preequilibrium
between reactive and less reactive conformations. In this
way, small molecules can control the reactivity of a
protein by shifting populations of conformations. This
concept of MWC is now often referred to as conforma-
tional selection (3,4).
The focus of much of the current research on allostery has
been to gain a structural understanding of how binding a
ligand at one site of a protein is transmitted to its active
site and alters its reactivity (5–7). Much less emphasis has
been placed on analytical theoretical models of allostery,
even though such models provide an essential framework
for interpreting kinetic and equilibrium data and are also
extremely useful for designing both experiments and simu-
lations (3,8,9). The tetrameric protein hemoglobin (Fig. 1)
has long served as the paradigm for the connection between
experimental results on multisubunit proteins and theoret-
ical models, with an enormous body of literature on hemo-
globin and the MWC model (10–17).Submitted March 24, 2015, and accepted for publication April 24, 2015.
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0006-3495/15/09/1264/9In previous publications, we reviewed the successes and
failures of the MWC model for understanding hemoglobin
equilibrium and kinetic data (18,19). We showed that novel
experiments on unstable conformations of hemoglobin trap-
ped in single crystals or in silica gels required a major revi-
sion of the MWC model and motivated the development of
the tertiary two-state (TTS) allosteric model (19,20). The
general importance of the TTS model for multisubunit pro-
teins is that it is the simplest possible extension of the MWC
allosteric model to include tertiary as well as quaternary
preequilibria.
Here, we test the four major allosteric models for hemo-
globin by comparing theoretical predictions with the results
of key crystal and gel experiments. These models are the
phenomenological MWC (1,2) and TTS models (20); the
structure-based model of Szabo and Karplus (SK) (21),
which is the statistical mechanical formulation of Perutz’s
stereochemical mechanism (22,23); and the modification
of the SKmodel by Lee and Karplus (SKL) (24,25). Our cal-
culations of oxygen affinity and populations of tertiary con-
formations show that only the TTS model is consistent with
the experimental results.RESULTS AND DISCUSSION
Key experimental results for crystals and gels
Much of the historical controversy concerning the applica-
bility of the MWC model to hemoglobin resulted from
experiments on solutions, for which there is as yet no
method that provides an unambiguous and accurate quanti-
tative measure of the populations of R and T quaternary
structures. This uncertainty was removed by measuringhttp://dx.doi.org/10.1016/j.bpj.2015.04.037
FIGURE 1 Schematic structures of deoxyhemo-
globin and oxyhemoglobin (adapted from Dickerson
and Geis (61); Protein Data Bank ID codes 2HHB
and 1HHO).
FIGURE 2 Hill plots comparing oxygen binding curves of human hemo-
globin in solution, in single crystals, in the sickle hemoglobin fiber, and
encapsulated in gels as either the T or R quaternary structure (from Viap-
piani et al. (37)). The superscripts indicate whether (þ) or not () saturating
concentrations of allosteric effectors inositol hexaphosphate and bezafibrate
are present. Detailed conditions for each binding curve are given in Viap-
piani et al. (30), although they neglected to note that the solution data in
the inset were corrected from 25C to 15C to compare with the gel data
using the temperature dependence of K1 (57).
Hemoglobin and Allosteric Models 1265oxygen binding to hemoglobin single crystals (26,27), first
carried out by Mozzarelli et al. (28), and to hemoglobin
encapsulated in silica gels, a method introduced by Shi-
bayama and Saigo (29), where one quaternary structure is
stable for hours to days (30,31). The single-crystal binding
experiments showed that oxygen binding to the T quater-
nary structure is noncooperative (Fig. 2), and that there is
no change in oxygen affinity by allosteric effectors and no
pH dependence to the oxygen affinity, i.e., there is no
Bohr effect (28,32,33) (the decrease in oxygen affinity as
the pH is lowered, which facilitates oxygen delivery in the
acid-producing tissues). The demonstration of noncoopera-
tive binding to the T quaternary structure in the crystal
(28,32) and in the gel (Fig. 2) (29,34,35) settled a long-
standing controversy by eliminating the sequential model
of Koshland, Nemethy, and Filmer from further consider-
ation (36).
Another important experimental finding was that the
lowest and highest oxygen affinities observed in crystals,
in gels, and in solution are identical (Fig. 2). Moreover,
the oxygen affinity for the T quaternary structure in solution
is identical to that in gels when measured under the same
solution conditions (Fig. 2), showing that, although the gel
dramatically slows quaternary conformational changes, ter-
tiary equilibria are unaffected. Finally, photolysis experi-
ments on gel-encapsulated hemoglobin revealed that in the
absence of allosteric effectors, subunits of the T quaternary
structure can bind carbon monoxide (CO) at the same fast
rate as subunits in the R quaternary structure, and that sub-
units of the R quaternary structure can bind CO with the
same slow rate as subunits in the T quaternary structure.
More specifically, nanosecond pulsed-laser photolysis mea-
surements for the CO complex of hemoglobin trapped by thegel in the T quaternary structure in the absence of allosteric
effectors showed that a large fraction of the photolyzed
subunits bind CO at rates identical to those found for the
R quaternary structure (30), whereas CO rebinding after
continuous-wave (cw) photolysis of the R quaternary struc-
ture encapsulated in the gel showed the stretched exponen-
tial appearance of a fraction of subunits that bind CO at theBiophysical Journal 109(6) 1264–1272
1266 Henry et al.same slow rate as measured for the T quaternary subunits
(37). Although the discovery of fast CO-rebinding subunits
in Twas a surprise, the discovery of slow CO-rebinding sub-
units in R was not, since time-resolved optical and reso-
nance Raman spectroscopic studies in solution had shown
that after nanosecond photolysis of the CO complex of R he-
moglobin, deoxyheme spectra almost identical to those
found for deoxyhemoglobin appeared on the submicrosec-
ond timescale (38–40). Moreover, these T-like deoxyheme
optical spectra appear with a highly stretched-exponential
time course with an exponent of b ~ 0.3 (41), the same expo-
nent observed for the stretched-exponential appearance of
the slow CO-rebinding phase in the R gels, albeit with
the rate of appearance of the latter slowed by six orders of
magnitude by encapsulation in the gel (37). The surprise,
then, was that the rate of the slow CO-rebinding phase
observed in R gels is the same as the rate of the slow CO-
rebinding phase observed in T gels. To summarize: the
photolysis experiments for gel-encapsulated hemoglobin
indicate that the T quaternary structure contains subunits
in which there are two conformations for the functionally
important residues, and that these same two functional con-
formations are also present in the R quaternary structure,
although the conformation of the remaining (nonfunctional)
residues may be quite different (42).
Since oxygen affinity is expected to scale with CO-bind-
ing rates (43–45), we identify the fast and slow binding con-
formations with high- and low-affinity conformations, and
we call them r and t. The fractional kinetic amplitudes for
fast and slow CO-rebinding phases in these gel photolysis
experiments therefore correspond to the fraction of r in
liganded T and the fraction of t in unliganded R (Table 1).
One caveat to this identification and the analysis that follows
is that correspondence under all conditions between
CO-rebinding rates and oxygen affinity has yet to be rigor-
ously proven.MWC model
The hemoglobin tetramer has two chemically different sub-
units, a and b, and a single twofold axis of symmetry inter-
changing ab dimers (Fig. 1). However, the subunits are very
similar in structure and arranged in approximately 222 sym-
metry, which presumably motivated the model’s creators to
treat the subunits as perfectly equivalent to describe hemo-
globin oxygen binding with the simplest possible allosteric
partition function, i.e.,
XðMWCÞ ¼ Lð1þ KTpÞ4 þ ð1þ KRpÞ4; (1)
where L is the quaternary equilibrium constant (h[T]/[R])
in the absence of oxygen, KT and KR are the equilibrium
constants for oxygen binding to the T quaternary and R
quaternary structures, respectively, and p is the oxygen
pressure. The two major properties of hemoglobin pre-Biophysical Journal 109(6) 1264–1272dicted by the MWC model are that oxygen binding to
either quaternary structure is noncooperative, as shown
by the hyperbolic saturation functions for the individual
quaternary structures (i.e., yT(p) ¼ KTp/(1 þ KTp) and
yR(p) ¼ KRp/(1 þ KRp)], and that binding allosteric effec-
tors does not change KT or KR, but changes the overall ox-
ygen affinity by changing L only. Experiments on crystals
and gels confirmed the first key prediction of the MWC
model, that binding to either the T or R quaternary struc-
ture is noncooperative (Fig. 2) (28,29,32,46). Cooperativity
arises from the population shift from T to R as successive
molecules of oxygen bind (Le Chatelier’s principle) (1).
However, the prediction concerning allosteric effectors,
which is of greater importance for allostery in other multi-
subunit proteins, has long been known to be inconsistent
with the experimental finding that KT (as determined
from the first binding constant at very low oxygen pres-
sures) and L are markedly altered by 2,3-diphosphoglycer-
ate and other allosteric effectors (Fig. 2) (47,48) (Monod
et al. did not consider protons to be allosteric ligands
(1)). An even more striking inconsistency with the MWC
model is our experimental finding that both high- and
low-affinity subunit conformations exist within each quater-
nary structure (Tables 1 and 2) (30,37), in contrast to the
MWC prediction of complete coupling of tertiary and qua-
ternary conformations with one affinity for subunits in each
quaternary structure.
Because there is only a single true twofold axis of sym-
metry interchanging ab dimers (Fig. 1), MWC allows coop-
erative oxygen binding to the ab dimer (the protomer of
MWC), and the exact MWC partition function (the coop-
eron model of Brunori and co-workers (49,50)) is
XðCooperonÞ ¼ L1þ KaT þ KbTpþ dTKaTKbT p22
þ 1þ KaR þ KbRpþ dRKaRKbR p22;
(2)
where dT and dR are the increases in affinity for binding the
second ligand to an ab dimer in T and R, respectively. The
cooperon model could explain significant cooperativity
found by Ackers and co-workers for the T quaternary
structure obtained indirectly and with assumptions from
tetramer-dimer dissociation experiments (51,52). However,
direct measurements of oxygen binding (18,53) showed
these to be incorrect. The cooperon model also cannot
explain the finding of subunits with the same affinity in
both quaternary structures.TTS model
Like MWC, the TTS model is also a phenomenological
model. It is the simplest possible extension of the
MWC model to include tertiary as well as quaternary
preequilibria (20) (Fig. 3). Most important, the model ex-
plains our finding in the gel experiments of the same
TABLE 1 Comparison of key experimental results for human hemoglobin encapsulated in silica gels as the T quaternary structure
with values calculated from TTS
Structure pH (T) Obs. p50 (torr) Calc. p50a (Hill n) Obs. Fraction rb Calc. Fraction r 1/Kr (torr) 1/ Kt (torr) l
a
T l
b
T
Tþ 7.0, 15C 1345 5 134 (1.0) 05 0.02 0.01 c 134 1  105 1  105
130 (1.0) 0.01 c 131 8  104 2  105
T 6.5d, 15C 145 1 14 (1.0) 0.515 0.03 0.51 0.14 28 200 200
15 (0.93) 0.54 0.14 38 80 630
T 7.0, 15C 12 5 1e 12 (1.0) 0.585 0.02 0.58 0.13 28 160 160
13 (0.93) 0.60 0.14 36 65 400
T 7.7f, 15C 75 1 7 (1.0) 0.765 0.02 0.76 0.11 29 80 80
8 (0.99) 0.78 0.13 36 65 100
Tþ 7.0, 20C 2285 5g 228 (1.0) 05 0.02 0.01 c 230 1  105 1 x105
223 (1.0) 0.01 c 225 8  104 2  105
T 7.0, 20C 175 1g 17 (1.0) 0.435 0.05 0.43 0.20 30 200 200
18 (0.91) 0.48 0.19 42 65 1000
T 7.6, 20C 105 1g 10 (1.0) 0.635 0.10 0.66 0.20 27 80 80
11 (0.90) 0.73 0.20 50 30 200
For each condition, the calculated value in the first row assumes equivalent a and b subunits (Eq. 3), whereas the values in the second row were calculated for
inequivalent a and b subunits (Eq. 4). The labeling of the tertiary equilibrium constant lT could be switched, since we cannot distinguish a and b subunits.
aFor inequivalent subunits, Hill plots were calculated from the four adjustable parameters for fractional saturations of oxygen between 0.1 and 0.9 to insure
that they were within the range 1> n> 0.9 that has been observed experimentally over the same saturation range, which resulted in p50 values for the a and b
subunits that differ by a factor of <4.
bThis is the fraction of fast CO-rebinding (high-affinity) subunits in the liganded T quaternary structure. The uncertainties at 20C represent the mean5 SD
of three separate experiments, whereas those at 15C are fitting errors from a single experiment, and are therefore smaller than the real experimental
uncertainties.
cThe p50 value and fraction r are determined almost entirely by the values of Kt and lT, and are insensitive to the value of Kr.
dThe p50 was measured at pH 6.4, whereas the fraction r in liganded T was measured at pH 6.6.
eThe p50 value at pH 7.0 reported in Viappiani et al. (30) and Jones et al. (31) is much higher (265 1 torr, n¼ 0.955 0.03) than that reported in other studies
(29,34,35). Although this value would simultaneously yield the observed fractions of r and values for Kt in T
þ and T gels that are closer to and therefore
more consistent with the TTS model postulate of a single KT under all conditions, we have adopted the lower value. First, the lower value of 125 1 torr is in
much better agreement with the value 1/Kt ¼ 7 torr measured by Yonetani et al. (47,48) under the same solution conditions. Second, the higher gel value can
be explained by the lack of complete equilibration of the tertiary conformations of the liganded subunits in the T quaternary structure on the timescale of the
oxygen-binding measurements (19,20).
fThe p50 value was calculated using the temperature dependence of K1 determined by Imai (57) to convert the measured gel p50 values at 15
C to values at
20C. Fraction fast CO rebinding (r) data at 15C and 20C are from Viappiani et al. (30,37), and p50 values for Tþ and T gels are from Bruno et al. (35).
A 1/Kr of 0.14 torr is required to predict the observed value of 0.18 torr for K4 in solution at 15
C using the same buffer as in the gel experiments (47,48).
gThe p50 value was measured at pH 7.8, whereas the fraction r in liganded T was measured at pH 7.6.
Hemoglobin and Allosteric Models 1267slow and fast CO-rebinding subunits in R and T (30,37).
According to this model, two tertiary conformations, called
t and r, exist in each quaternary structure; each tertiary
conformation in one quaternary structure is functionallyTABLE 2 Comparison of key experimental results for human hemo
structure with values calculated from TTS
Structure pH (T) Obs. p50 (torr) Calc. p50 (Hill n) Obs. Fraction t
Rþ 7.0, 20C b 0.36 (1.0)c 0.455 0.03
0.63 (0.76)c
R 7.0, 20C 0.25d 0.25 (1.0) 0.215 0.05e
0.25 (0.99)
The fraction slow CO rebinding (t) is adopted from Viappiani and co-workers (
since we cannot distinguish a and b subunits.
aThese are the fitted values to T- data at 20C in Table 1.
bAttempts to measure the p50 failed because of large, slow drift in the fraction
allosteric effectors (A. Mozzarelli and L. Ronda, unpublished results).
cThese are the predicted p50 values obtained from the observed fraction t and t
dThis value was obtained by correcting the measured value at 15C (48) to a 20
eThe fraction t may decrease very slightly, if at all, with increasing pH in the ra
f1/Kr¼ 0.20 torr, together with 1/Kt assumed to be the same as the fitted values to
of 0.25 torr.identical to that in the other quaternary structure, i.e., it
has the same oxygen affinity, which is reflected in the
same CO-rebinding rate. The partition function for this
model (20) isglobin encapsulated in silica gels at 20C as the R quaternary
Calc. Fraction t 1/Kr (torr) 1/Kt
a (torr) laR l
b
R
0.45 0.20 225 0.825 0.10 0.825 0.10
0.45 0.20 225 9.0 5 0.7 ~0
0.21 0.20f 46 0.275 0.08 0.275 0.08
0.21 0.20f 46 0.7 5 0.3 ~0
37). The labeling of the tertiary equilibrium constant lR could be switched,
al saturation, but did show that the p50 value is higher in the presence of
he value of 1/Kr for R
 and 1/Kt from Table 1.
C value using the temperature dependence of K4 (57).
nge 6.6–7.6 (see Table S1 in Viappiani et al. (37)).
the T data at pH 7.0 in Table 1, is the value required to predict a p50 value
Biophysical Journal 109(6) 1264–1272
FIGURE 3 Diagrammatic representation of
MWC and TTS allosteric models for equivalent
subunits with Boltzmann weights (Eq. 3). Unli-
ganded subunits are represented by open symbols
and liganded subunits by solid symbols; squares
correspond to the t tertiary conformation; circles
correspond to the r tertiary conformation; blue tet-
ramers (left) are in the T quaternary structure; red
tetramers (right) are in the R quaternary structure.
Each row contains diagrams representing configu-
rations that differ in the number of ligands bound,
whereas each column differs in the number of t
and r tertiary conformations. The first row (green
boxes) corresponds to the MWCmodel. Conforma-
tions containing liganded subunits in the t confor-
mation in R and unliganded subunits in the r
conformation in T are shown in a lighter color,
because their populations in hemoglobin are pre-
dicted to be so small that they can be neglected.
In both the MWC and TTS models, ligand bind-
ing shifts the quaternary population toward R.
In the MWC model, the tertiary conformation is
completely coupled to the quaternary structure (T contains all squares; R contains all circles), whereas in the TTS model the T quaternary structure
shifts the tertiary population toward t and the R quaternary structure shifts the tertiary population toward r. In both the MWC and TTS models, there
are only two ligand-binding equilibrium constants, KT and KR in MWC and Kt and Kr in TTS.
1268 Henry et al.XðTTSÞa¼ b ¼
L
ðlTÞ4
½1þ Krpþ lTð1þ KtpÞ4
þ ½1þ Krpþ lRð1þ KtpÞ4; (3)where L is the T/R population ratio, in which all the sub-
units of T are unliganded t and all the subunits of R are un-
liganded r, lT is the t/r tertiary population ratio of
unliganded subunits in the T quaternary structure, and lR
is the t/r tertiary population ratio of unliganded subunits
in the R quaternary structure. Kt is the ligand-binding equi-
librium constant for t, Kr is the ligand binding equilibrium
constant for r, and p is the oxygen pressure. In the MWC
model, allosteric effectors change only L, whereas in the
TTS model they can change all three conformational equi-
librium constants, L, lT, and lR. Equation 3 is valid at con-
stant pH without effector ligands or with saturating effector
concentrations, as in our experiments, assuming that the
effector-binding free energy is linearly proportional to the
fraction of t or r subunits (54).
Our experiments on T trapped by either the crystal lattice
or encapsulation in the gel test the first bracketed term of the
partition function, whereas our experiments on R encapsu-
lated in the gel test the second. The model correctly predicts
that oxygen binding to both the T and R quaternary struc-
tures is noncooperative in the absence of allosteric effectors
and in the presence of saturating concentrations of allosteric
effectors (Fig. 2). It also readily predicts the fraction of low-
affinity subunits in unliganded R with lR as the single adjust-
able parameter (Table 1). The values lR ¼ 0.25 and 0.83 in
the absence and presence, respectively, of allosteric effec-
tors bracket the value of lR ¼ 0.7 from time-resolved spec-
troscopic studies in phosphate buffer (20), consistent withBiophysical Journal 109(6) 1264–1272the expectation from oxygen-affinity studies that lR in phos-
phate would have an intermediate value (55).
Two important predictions of the model are that the p50
and fractional population of high-affinity subunits in the li-
ganded T quaternary structure can be explained with single
values of Kt and Kr, with Kr having the same value as for the
R quaternary structure. (There is no direct experimental in-
formation to determine a value of Kt for the R quaternary
structure). To test these predictions, we first determined
the optimal values of Kt, Kr, lT, and lR that exactly fit all
of the mean values of the fractions r and p50 in Table 1.
We found that for the T quaternary structure, whereas the
values for Kr are relatively independent of condition, vary-
ing by <25%, the values of Kt in the presence and absence
of allosteric effectors vary by an average factor of 4.7 at
15C and 7.8 at 20C. However, as in Eq. 1, treating the a
and b subunits as equivalent is an oversimplification,
as shown by Hill n values of <1.0 for binding to the
T quaternary structure for gel-encapsulated hemoglobin
(33,35,46,56). For inequivalent a and b subunits, the TTS
partition function becomes
XðTTSÞasb ¼
L
laTl
b
T
21þ Kar pþ laT1þ Kat p2
 1þ Kbr pþ lbT1þ Kbt p2
þ 1þ Kar pþ laR1þ Kat p2
 1þ Kbr pþ lbR1þ Kbt p2:
(4)
Unlike the model with equivalent subunits (Eq. 3), where
unique values of the four parameters (K , K , l , and l ) aret r T R
determined by the data, no such unique set exists for the
eight parameters of the model with inequivalent subunits
Hemoglobin and Allosteric Models 1269ðKar ;Kbr ;Kat ;Kbt ; laT ; lbT ; laR; lbRÞ (Eq. 4). We therefore carried
out an extensive search of parameter space to find the
optimal parameters for T that yielded the experimental frac-
tions fast CO rebinding, p50 values, and Hill n values within
experimental error, and that also minimized differences in
the binding constants Kr and Kt, assuming that all of the in-
equivalence in the binding affinities arises from differences
in the tertiary equilibrium constants laT and l
b
T , i.e.,
Kar ¼ Kbr ¼ Kr and Kat ¼ Kbt ¼ Kt. This four-parameter
search ðKr;Kt; laT ; lbTÞ produced almost identical values of
Kr at all pH values for T
 gels (the affinity for the Tþ gel
is insensitive to Kr, since the population of both unliganded
and liganded subunits in the r conformation is negligible)
(Table 1). Moreover, the value for 1/Kr of 0.14 torr is in
remarkably good agreement with the value required to
predict a p50 of 0.18 for binding to the R quaternary struc-
ture (57). Introducing inequivalence of a and b subunits also
reduces the differences between Kt in the absence (T
 gel)
and presence (Tþ gel) of saturating concentrations of allo-
steric effectors from an average factor of 4.7 to 3.6 at
15C and from 7.8 to 4.7 at 20C, which correspond
to <1 kcal/mol in free energy. Overall, given that the errors
are underestimated, especially for the fraction fast CO re-
binding in the T gels, the TTS model does remarkably
well in predicting the results of the gel experiments. If the
model were perfect, there would be no variation in Kt, but
it is unrealistic to expect that allosteric effectors would
change only the tertiary equilibrium constants and have no
effect at all on Kt.
This level of agreement for Kr and Kt in the T quaternary
structure required large differences in the values of laT and l
b
T
(Table 1). However, we previously noted that the lack of a
linear free energy scaling between the relaxation rate and
tertiary equilibrium constants in the unliganded R quater-
nary structure could result from a large inequivalence in laR
and lbR (37). This explanation was suggested by the predic-
tion of Spiro and co-workers from resonance Raman
spectroscopic studies for a gel-encapsulated, chemically
modified hemoglobin, where the subunits could be moni-
tored separately, that only the unliganded a subunits have
a low-affinity conformation (42). So it is not surprising
that the tertiary conformational equilibrium constants laT
and lbT for a and b subunits in T could be quite different.SK model
The MWC and TTS models are phenomenological in that
there is no connection between the model parameters and
structure. This connection was made in a landmark article
by Szabo and Karplus (SK), who proposed a statistical
mechanical model based on the stereochemical mechanism
of Perutz (21–23). This model was among the very first
analytical theoretical models that made a quantitative
connection between the atomic structure of a protein and
its function. The SK partition function is a mathematicaltranslation of Perutz’s mechanism, and it showed that his
mechanism was quantitatively consistent with equilibrium
data available at the time. The SK partition function is
XðSKÞ ¼ QS6

1þ H
a½OH
S
þ K
ap
S2

1þ HaOH
2


1þ H
b½OH
S
þ K
bp
S2

1þ HbOH
2
þ 1þ HaOH2ð1þ KapÞ2


1þ H
b½OH
S
þ K
bp
S

1þ HbOH
2
;
(5)
where Q is the quaternary equilibrium constant (h[T]/[R])
at zero oxygen pressure in the absence of the six intersubunit
salt bridges (the constraints envisaged by MWC to explain
the low affinity of the T quaternary structure), S is the
strength of a salt bridge, Ka and Kb are the intrinsic binding
constants of the a and b subunits, Ha and Hb are the
hydroxyl-ion-binding constants, and [OH] is the hydroxyl
ion concentration. (The hydroxyl-binding constant is
related to the proton-binding constant by pKa(a,b) ¼ 14 –
log Ha,b.) It is most readily seen at high pH, where
Ha(b)[OH] >> 1, that the SK model has the same mathe-
matical structure as the MWC model for equivalent a and b
subunits (Eq. 1), i.e.,
XðSKÞ½OH
>>1
a¼ b ¼ QS2ð1þ Kp=SÞ4 þ 1

S2ð1þ KpÞ4: (6)
The partition function reflects the proposals by Perutz that
oxygen binds noncooperatively to both quaternary struc-
tures, that the quaternary structure is stabilized by the
intersubunit salt bridges, that the lower affinity of the T qua-
ternary structure results from the constraints of the inter-
and intrasubunit salt bridges, and that the Bohr effect results
from salt bridges that are ionizable in the physiological pH
range (22,23). It is important to note that the model makes
an elegant connection between the structural parameter S
and the MWC parameters, i.e., L ¼ QS4 and KT ¼ K/S.
(It is of historical interest that Perutz only referred to the
SK article once (58), even though it provided strong support
for his mechanism.)
Since ligand binding to a subunit breaks its salt bridges,
which are the sole source of the low affinity of the T struc-
ture, a long unrecognized prediction of the SK model is that
if the liganded conformation in the T quaternary structure
could be trapped, it should be functionally identical to sub-
units of the R quaternary structure. This prediction explains
our observation of deoxy subunits that are trapped in a high-
affinity conformation after CO photodissociation by encap-
sulating liganded T in the gel. The important difference,
however, is that in the Perutz mechanism, and therefore in
the SK model, all subunits with a ligand bound are in aBiophysical Journal 109(6) 1264–1272
1270 Henry et al.high-affinity conformation, because all salt bridges are
broken. So the inconsistency with the gel experiments of
the SK model is that it fails to explain the existence in the
liganded T structure of a large fraction of subunits in a
low-affinity conformation (Table 1).SKL model
The SK model was modified by Lee and Karplus, appar-
ently to explain the x-ray crystallographic finding that the
salt bridges do not break upon CO binding to the T quater-
nary structure for a hemoglobin mutant, and also to refine
the SK model by obtaining parameters compatible with
more accurate data on the pH dependence of oxygen bind-
ing (24,25). X-ray structures determined after the SKL
model showed that the salt bridges also do not break in
the crystal upon oxygen binding (26,27). The SKL partition
function is
XðSKLÞ ¼ QS
6
r02

1þ H
a½OH
S
þ r2KaTp
	
1þ H
a½OH
rS

2


1þ H
b½OH
S
þ r2KbTp
	
1þ H
b½OH
rS

2
þ 1þ HaOH21þ KaRp2


1þ H
b½OH
r0S
þ K
b
Rp
r0S

1þ HbOH
2
:
(7)
The two new additional parameters are r and r0. They change
the strength of an intersubunit salt bridge of liganded T sub-
units from S of the SK model to rS in SKL, and the strength
of an intra-b-subunit salt bridge in unliganded R from S to
r0S. According to SKL, there is a contribution to the lower
affinity of the T quaternary structure from sources other
than the free-energy cost of breaking salt bridges, such as
strain in an allosteric core of residues upon binding a ligand
to T (12,59,60), an explanation that has recently been inves-
tigated further by Spiro and co-workers using quantum
mechanics/molecular mechanics modeling (42).
To compare the predictions of the SKL partition function
with our experimental results on gel-encapsulated hemoglo-
bin, we identify the two liganded T terms as a slow CO-bind-
ing (low affinity, salt bridges intact) ðr2KaTp and r2KbTpÞ and a
fast CO-binding (high affinity, salt bridges broken) con-
formation ðrKaTp Ha½OH=S and rKbTp Hb½OH=SÞ. In a
similar way, we identify the two unliganded R terms as either
a slow CO-binding (low-affinity) (1, the reference state with
the salt bridge intact for the b subunit) and a fast CO-binding
(high-affinity) conformation (Hb[OH]/r0S or both unli-
ganded terms for the a subunit, 1 and Ha[OH], for which
all salt bridges are broken). The important difference be-
tween the SK and SKL models is that in the SK model, oxy-
gen binding to T can break salt bridges without hydroxyl ion
binding, whereas in the SKL model, oxygen binding breaksBiophysical Journal 109(6) 1264–1272salt bridges only if hydroxyl ions also bind. (Note that the
two partition functions have the same number of terms.)
Although the SKL model allows for two functionally
different tertiary conformations in both the liganded T and
unliganded R quaternary structures, as observed in the gel
experiments (Table 1), unlike the TTS and SK models, the
SKL model does not predict our experimental finding that
tertiary conformations of liganded T and unliganded R are
functionally identical. The SKL model predicts fractions
of a higher-affinity subunit in the T quaternary structure,
as well as fractions of a lower-affinity subunit in the R qua-
ternary structure, similar to those found from the
CO-rebinding rates in the gels (see Tables S1 and S2 in
the Supporting Material), but the affinity differences in
both quaternary structures are much smaller than predicted
from the gel experiments (albeit with the critical and not
yet completely validated assumption that subunits with the
slow and fast CO-rebinding rates exhibit the lowest and
highest oxygen affinities observed experimentally). More-
over, the affinity of the b subunits with unbroken salt bridges
is very different in the T and R quaternary structures,
whereas the CO-rebinding rates are the same in T and R.
(The a subunit in SKL only has a single high-affinity con-
formation, since all of its salt bridges are broken and cannot
therefore contribute to the slow CO rebinding observed in
R.) It is important to note that the pH dependence of the
fraction of a lower-affinity subunit in R (but not as low as
that found in T) observed experimentally is much smaller
than that predicted by the SKL model (see Tables S1 and
S2 of Viappiani et al. (37)). Another potential inconsistency
is the prediction by Spiro and co-workers that the lower-
affinity conformation is almost exclusively the a subunit
(42), not the b subunit predicted by SKL.
Finally, we should point out that in contrast to the solution
binding curves where the binding to T can only be observed
at very low fractional saturation with oxygen, inequivalence
in the binding of oxygen to the a and b subunits of the T
quaternary structure can be directly observed in the gel
binding curves, because measurements are made over a
wide range of saturations with oxygen. Consequently,
another inconsistency between the SKL model predictions
and the gel experiments is that for the T quaternary struc-
ture, the model predicts values of the Hill n of 0.8 for almost
all parameter sets, reflecting a much larger inequivalence
of the affinity of the a and b subunits than is observed in
the gel binding curves, as indicated by the larger values of
n (0.9 < n <1.0) (35).CONCLUSIONS
Kinetic and equilibrium measurements of hemoglobin trap-
ped in a single quaternary structure by a crystal lattice or
encapsulation in a gel have produced a demanding set of re-
sults to be quantitatively explained by a theoretical model.
In this work, we have shown that of the four allosteric
Hemoglobin and Allosteric Models 1271theoretical models that have been widely employed—
MWC, SK, SKL, and TTS—only the TTS model is consis-
tent with these results, although it is not quantitatively per-
fect. The TTS model also explains the complex, multiphasic
kinetics in time-resolved optical experiments, where ligand
binding and optical spectroscopic changes were simulta-
neously monitored and the effect of an ensemble of confor-
mational substates was included in the modeling to explain
the stretched-exponential kinetics (20,41). The best agree-
ment of the TTS model with the experimental results dis-
cussed here is obtained by including inequivalence of the
tertiary equilibrium constants for the a and b subunits in
both the T and R quaternary structures. Consequently, an
important further test of the model will require experiments
on hemoglobin encapsulated in gels where the ligand-
binding properties of a and b subunits can be studied
separately, such as metal hybrids in which only one pair
of subunits (a or b) binds a ligand.
Although the TTS model does not yet make a direct
connection between model parameters and protein structure,
as the SK and SKL models do, it suggests that the role of the
salt bridges in affecting the oxygen affinity of the T quater-
nary structure may be primarily in the stabilization of the
low-affinity t conformation. The model also points out that
understanding the difference in affinity of subunits in the T
and R quaternary structures will require determination of
two key, still-unknown hemoglobin structures, namely the
structure of liganded r in Tand themore challenging problem
of determining the structure of unliganded t inR.Without this
structural information, we can only speculate as to the nature
of the t and r conformations, but they might correspond to
something similar to an allosteric core of residues surround-
ing the heme, as suggested from energy-minimization calcu-
lations by Karplus and co-workers (12,59,60).
Like any simple model for such a complex system, the
TTS model is not quantitatively perfect and must therefore
be oversimplified. However, like the MWC model, it
should provide a framework for designing new experiments
and simulations that will lead to the development of an
even more accurate theoretical model for allostery in
hemoglobin and other multisubunit proteins. Ideally, such
a model for hemoglobin will make a direct connection
with structure, as was done by Karplus and co-workers
(21,24,25).SUPPORTING MATERIAL
Supporting Materials and Methods and two tables are available at http://
www.biophysj.org/biophysj/supplemental/S0006-3495(15)00455-5.ACKNOWLEDGMENTS
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